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Introduction

Karol Cwalina and Tomasz Schoen [1] have recently proved the following
conjecture of Andrzej Schinzel [4]: the number of solutions of the congruence

aixy + ...+ agxk EO(modn)

in the box 0 < x; < b;, where b; are positive integers, is at least

k

2" T (bi +1).

i=1

Using a completely different method we shall prove the following more general
statement, also conjectured by Schinzel [4].
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Homogeneous case

Theorem1.1.
For every finite Abelian group I, for all a1,...,ax € T, and for all positive
integers by, ..., by the number of solutions of the equation

k
E aiXi = 0
i=1

in non-negative integers x; < b; is at least

k
21 POTT(bi + 1), (1)
i=1

where D(I) is the Davenport constant of the group I (see Definition 2.1. below).
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Lemmas and definitions

Let ' be a finite Abelian group, with multiplicative notation.

Defnition2.1.
Define the Davenport constant D(T') to be the smallest positive integer n such
that, for any sequence gy, ..., g, of group elements, there exist a non-empty

sequence of indices
1<ih<..<i<n

such that

gi1""'giz:1'
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Lemmas and definitions

For a group with multiplicative notation, Theorem 1.1 has the form:

for every finite Abelian group I, for all a1,...,ax € T, and for all positive
integers by, ..., by the number of solutions of the equation
k
Xi
[ -
i=1

in non-negative integers x; < b; is at least

k
2O TT (b +1). (2)

)
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Lemmas and definitions

By the definition of the Davenport constant, we may find gi,...,gp(r)—1 € I such
that any product of a non-empty subsequence of this sequence is not equal 1 in T.
D(r)—1

Since the number of solutions of the equation [[ g =1, where x; =0 or
i=1
D(r)—1 ’
x; =1, is equal 1 =2"P(N TT (1+ 1) we obtain:
=1
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Remark2.2.

In Theorem 1.1, 21=P(N) js the best possible coefficient independent of a;, b; and
dependent only on T.
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Lemma2.3.

For n > 1 we have the following identity in Q[x] and in the group ring QI[I].
Lt x 42+ 4 x"=Y 27 1+ x)(1+x)"7. (3)
j=0

Proof. We proceed by induction on n.

(Elements of Q[] are sometimes written as what are called " formal linear combinations of elements of I,

with coefficients in Q" where this doesn’t cause confusion)
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Definition 2.4.

For an element ) N,g of the group ring Q['] and a number n € Q we write
ger

ZNggtn iff Ny > n.
ger
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Lemmas and definitions

Lemma2.5.

Theorem 1.1 in multiplicative notation is equivalent to the statement:

for every finite Abelian group I, for all a1,...,a, €T, and for all positive integers
by, ..., bx we have relation:
K K
[[a+a+... +a") =22 POT](bi + 1), (4)
i=1 i=1

where D(T') is the Davenport constant of the group T.
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Lemmas and definitions

k
Proof.Indeed, the number of solutions of the equation [] a}’ = 1 in non-negative
i=1
integers x; < b; is equal to Ny, where
K
[[a+ai+...+a") = Nge.
i=1 ger

K
We have Ny > 212 T](b; + 1) if and only if relation (4) holds.

i=1
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Lemma 2.6.

Let T be a finite Abelian group. For all a;,...,a, € T we have
(1+a)(1+a) ... (1+a) =220 ok (5)

Proof. For the completeness of the exposition we provide Olson’s proof [3].
We proceed by induction on k. For k < D(I') — 1 we have

(L4 a1)(L4as) ... (14 ag) = 1>2-0P0) .ok

and the assertion is true.
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Lemmas and definitions

Assume it is true for the number of factors less than k, where k > D(I') — 1.

Hence k > D(I). By the definition of the Davenport constant we may assume,

without loss of generality, that
ay-...-a; =1, forsome 1 <t < D(I).

By the inductive assumption

t k
[T [ (s =2 0024
=2 i=t+1
k
[J@+a) =2 -P0 . 2kt
i=2
Number of solutions in a box October 7, 2016
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Lemmas and definitions

Hence
K K K
[[a+a) =] +a)+a [](1+a)
i=1 i=2 i=2
K t K
H(1+3/)+3132 -atH(l—&-ai_l) H (1+a)
i—o i=2 i=t4+1

k t k
— H(1+a/)+H(1+a H (1+al) t 21—D(F)_2k—1+21—D(F).2k—1 —_ 21—D(F).2k
i=2 i=2 i=t+1
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Proof of Theorem

By Lemma 2.5. it suffices to prove:

Theorem
For every finite Abelian group I, for all ay, ..., ax € T, and for all positive integers
by, ..., bx we have
K K
H(1+a,-+...+ ") = 21D H
i=1 i=1

where D(I') is the Davenport constant of the group T.
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Proof of Theorem

Proof. We use the identity (3) to get

k

[[a+ai+.. . +a Hszb (1+a/)(1+a)>~ (6)

i=1 i=1 j=0

Z H2Jr '—1 +alji)(1+a/)bi_jf.

0<js<by i=1
0<2<b>

0<ji<bx
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Proof of Theorem

By Lemma 2.6. we obtain

k
Z szi*bffl(l+a’ji)(1+ai)bi*ji

0<j1<by i=1
0<j2<b>
0<je<by
k
- o1-D(T) Z szf—b[—121+bi_jf — o1-D(I) Z 1
0<j<by i=1 0<ji<by
0<j2<b> 0<j2<b2
0= <bx 0<ju<by
k
= 2P T(bi +1).
i=1
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Proof of Theorem

Thus
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Inhomogeneous case

We have proved in [9] the following two statements.
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Theorem 3.1.

For every finite Abelian group I, for all g, a;,...,a, € T, if there exists
k

a solution of the equation Y a;x; = g in non-negative integers x; < b;, where b;
i=1
are positive integers, then the number of such solutions is at least

k
3O T (b +1). (7)
i=1
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Remark 3.2.

Let [ = nZ, be a direct product of n cyclic groups of order two, ay, ..., a, a basis
for I'. Then the number of solutions of the equation

n n
E aiXj = E aj
i=1 i=1

in non-negative integers x; < b; = 2, equals 1.

Since D(I') = n+ 1 (see Olson [2]) and 1 = 3PN T]"_ (2 +1),

we get that 3'=P(N is the best possible coefficient independent of a;, b;, g and
dependent only on T.
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Theorem 3.3.

For every finite Abelian group I, for all g, a1,...,ax € T, if there exists
K
a solution of the equation > a;x; = g in non-negative integers x; < b;, where

i=1
b; € {2° — 1: s € N}, then the number of such solutions is at least

k
21-POTT (b +1). (8)
i=1
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Inhomogeneous case

Lemma 3.4.

For every finite Abelian group ' with multiplicative notation and for all
ai,...,ak,g € I, the number of solutions of the equation Hf.;l a’” =gin
non-negative integers x; < b; is equal to Ny, where

k

g_1H(1+a,~—|—...+a,-b"):ZNhh,

i=1 herl

is an identity in Q[I].
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Inhomogeneous case

K
Proof. We interpret the equation g~ [[(1+a; + ...+ a;%) = > Nyh
i=1 her

combinatorially. For g € I look at all sequences a;”*, a,*2, ..., a ™, that have
product g, where x; < b; are non-negative integers. Then N; count those
sequences. Therefore the number of solutions of the equation Hf-;l aj =

in non-negative integers x; < b; is equal to Nj.
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Lemma 3.5.

Theorem 3.1. with multiplicative notation is equivalent to the statement: for

every finite Abelian group ', for all g, a1,...,ax € I, if there exists a solution of
k

the equation ] a; = g in non-negative integers x; < b;, where b; are positive
i=1

integers, then we have:

K
g_1H(1+a,-—|—...—|—a,b > 31D H (9)
i=1

i=1

where D(I) is the Davenport constant of the group I'.
Proof. This follows from Lemma 3.4 and Definition 2.4.
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Inhomogeneous case

Lemma 3.6.

Theorem 3.3. with multiplicative notation is equivalent to the statement: for
every finite Abelian group T, for all g, a1, .

,ax € I', and for all positive integers
by, by, ...
K

,br € {2° — 1: 5 € N}, if there exists a solution of the equation
I a2’ = g in non-negative integers x; < b;, then we have relation:
k k
g [ +ai+...+a") = 22" PO (ki + 1). (10)
i=1 i=1

Proof. This follows from Lemma 3.4 and Definition 2.4.
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Inhomogeneous case

Lemma 3.7.

For every finite Abelian group I and for all g, a1, az,...,ax € T, if there exists

K
a solution of the equation [] a/ = g in non-negative integers x; < 1, then
i=1
k
g [J(1+a) = 20RO 2k, (11)

i=1
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Inhomogeneous case

t
Proof. We may assume that [ a; = g, where 1 < t < k.
i=1
We have the identities

t k t

K
[a+a) =g [[a][a+a) [ @+a) =]+ H (1+a)).

i=1 i=1 i=1 i=t+1 i=1

By Theorem 1.1

t k
[T+ I (1+a) =240k
=1 i=t+1
This implies
k
gt [J+a) = 2t P02k
i=1
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Inhomogeneous case

Lemma 3.8.

If 0 < t < b, where t, b are integers, then b—t+1> (3){(b+1).

Proof. We verify by differentiation that the function f(x) =
is increasing in the interval (1, 00). Since f(0) = f(1) =0, f

2(3)" > t+ 2 for non-negative integers t. Hence 1 — 12 > 1 — L5 > (3)f,
and thus b—t+1 > (3)!(b+1).
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Inhomogeneous case

Lemma 3.9.

For s > 1 we have the following identity in Q[I] :

S
T4 x+x3+. . +xX =T +x27). (12)

Jj=1

Proof. We proceed by induction on s.
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Proof of Theorem3.1.

We may find 0 < t; < b;, where 1 </ < k, such that a;" a2 ... a3, = g.
By definition of the Davenport constant we may assume that

k
> <D -1 (13)

i=1

Lett;=bifor1<i<s<k;ti<bfors+1<i<k;
if t; < b; for 1 </ < k, then we take s = 0.
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Inhomogeneous case

We have the identities

s k
g71H(1+a;+...+af-)") H (@i 4 a5t ... +a%) =
i—1 i=s+1

— ((]:1#')( H 3?)>_1H(1+3;+...+af"’) H (aiti+3it'+1+...+af.”'):

i=s+1 i=1 i=s+1
s k
=[[a+a7 +. +@Eh) [ Q+a+...+a"").
i=1 i=s+1
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Inhomogeneous case

By Theorem 1.1.

S k
[Ta+a+. . +@H") [T a+ai+...+a2")
i=1 i=s+1

s k
= 22O (b +1) (b — i +1)).
(M) ( 1T )
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Inhomogeneous case

We have by Lemma 3.8. that

s k
2= (TT(bi + 1) (b — tj + 1)
(L) IT (- ¢+)
s k
> 2O (T + 1) ( T] G+ 1)) =

i=1 i=s+1

k k
— 217D(r)(%)z,-i5+1 t H(b,- +1) > 21*D(F)(%)ZL1 ti H(b,- +1).

i=1 i=1
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Inhomogeneous case

Since (13) it follows that

K k
_ Koy _
2 PM(Z) = i T (b +1) = 24 P(O(2)P(0)- 1H (bi+1) =3"POT](bi+1).
i=1 i=1
Hence
s k k
g [Ja+ai+...+a7) [[ (" +a " +... +a)) =3 POT] (b +1).
i=1 i=s+1 i=1
Finally

Maciej Zakarczemny (Cracow University| Number of solutions in a box October 7, 2016 35 / 45



Proof of Theorem 3.3.

Let b; = 2% — 1, where s; € N.
We take 0 < t; < b;, where 1 < j < k such that a*al? - ... - a} = g.
Since 0 < t; < 2% —1 we may find €;; € {0,1} such that

Si
i—1
ti = Z 6j,'2‘l

Jj=1

for1 <j<k.
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Inhomogeneous case

Using (12) we obtain

Si -
g "(l+a+..+a") =a " [Ja+a ) =
Jj=1
N i G2t s 4 si si j—1 i—1
= a,- Jj=1 H(1+al2] ) - H 37611 H(1+32J _ H ai*Gij (1—'—3]21 ) _
j=1 i 1
s J—1 i1 si -
= H(alfﬁﬂ + al(lieﬁ)2 ) = H(l + a;]jiz )’
j=1 ey

where nji = 1-— 26],' € {71, 1}
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Inhomogeneous case

k i )
g [Ja+a+...+at)=][a7 0 +a+...+a") = Hﬁ(l + a2y,

i=1 i=1 i=1j=1
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Inhomogeneous case

By Theorem 1.1.

k s ' .
Hls_[(]_ + a?j,-zj 1 21 D( F)HH2 21— D( F)st, ol— D(r H b n 1
s i=1j=1 i=1

which implies

k k
g [ +ai+...+af) = 22 PO (ki + 1).
i=1 i=1

Maciej Zakarczemny (Cracow University| Number of solutions in a box October 7, 2016 39 /45



Inhomogeneous case
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Inhomogeneous case

Thank you for your attention.
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Inhomogeneous case

Theorem 1.1 we may rewrite in the form:
for all positive integers ny | n2| ... | ny, b; and for all integers aj;, where
1<i<k,1<j</the number of solutions of the system

ai1xa + az21x2 + ... + ag3xx = 0 (mod ),

aiaxa + az2x2 + . . . + agaxx = 0 (mod n3),

ayxy + agx2 + ... + agxx = 0(mod ny),

in non-negative integers x; < b; is at least

k
21 =D(Zny ®Zny ®-.-®Zn,) H(b,’ +1).

i=1
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Inhomogeneous case

Known Davenports constants

1. D(Zp) = n.
2. If1 < minthen D(Zm ® Zp) =m+n— 1.
.. u i
3. WG =2Zpe1 ®ZLyer @ ... D ZLper a finite p — group then D(G) =1+ i;(pe —1).
4. If G is a finite abelian group , then there exist uniquely determined integers 1 < dy|d2| ... |d,, such that

r r
G %4y ©ZLday D ... D ZLg,. We obtain a sequence of i;(d,- — 1), hence D(G) > 1+ i;(d,- —1).

.
5. It is unknown whether D(G) = 1+ 3 (d; — 1) holds true for all groups of rank r = 3.
i=1

6. D(Z3 ® 73 ® Z3y) = 3d + 4.

7. Currently (2008) the best upper bound for D(G) is due to Van Emde Boas and Kruyswijk and Meshulam:

D(G) < n+ [n log @], where n is the maximum possible order of an element also known as the exponent of

the group.
8. D(Zz ® Za ® Za P Zap) = 2n + 3, with odd n.

9. D(Zm @ Zn D Z%n®Zap) >1+(m—1)+(n—1)+(n—1)+(2n— 1), for every odd n, m with m > 3 and m|n.
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Inhomogeneous case

Known Davenports constants of non-abelian finite groups

Dihedral groups. If D2, = (x,y : x2 = y' =1, yx = xyfl), then D(D2,) =n+1,
Dicyclic groups. If Qan = (x,y : x2 =y", y2" =1, yx = xy ™), then D(Qan) = 2n+1,

3. A non-abelian group of order pq exists only when p|q — 1, and such a group is unique.
Gpg = (x,y: xP =y9 =1,yx = xy°), where sP =1 mod g, s Z1 mod q.

We have D(Gpq) =p+q — 1.

J. BASS Improving the Erdés - Ginzburg - Ziv theorem for some non-abelian groups J. Number Theory, 126 (2007),

pp. 217 - 236
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Group ring

Group ring Q[I] is a Q-vector space with basis I and with multiplication defined distributively using the given
multiplication of I'.

Z Qgg | - Z Beg | = Z Z agfBh | x-

ger ger x€r \gh=x

We have Y agg = ) Bggiff ag = Bg forallgecT.
gerl gel
Instead >~ Og we write 0.
gerl
Instead 1g we write g.
Instead (—a)g we write —ag.
We denoting the group unit 11 and the unit element of the ring Q by the same symbol 1.
We denoting addition operation in Q[[] and in Q by the same symbol.

If 1 = 1, then the additive group of Q[I'] becomes an extension of the additive group of Q, thus the use of the same

symbol + is legitimate.
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